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In the present paper we consider multi-scalar extension of Einstein-Gauss-Bonnet grav-
ity. We focus on multi-scalar Einstein-Gauss-Bonnet models whose target space is a three-
dimensional maximally symmetric space, namely either S3, H3 or R3, and in the case when
the map spacetime→ target space is nontrivial. We prove numerically the existence of black
holes in this class of models for several Gauss-Bonnet coupling functions, including the
case of scalarization. We also perform systematic study of a variety of black hole charac-
teristics and the space-time around them, such as the area of the horizon, the entropy and
the radius of the photon sphere. One of the most important properties of the obtained so-
lutions is that the scalar charge is zero and thus the scalar dipole radiation is suppressed
which leads to much weaker observational constraints compared to the majority of modi-
fied theories possessing a scalar degree of freedom. For one of the coupling functions we
could find branches of scalarized black holes which have a nontrivial structure – there is
non-uniqueness of the scalarized solutions belonging to a single branch and there is a re-
gion of the parameter space where most probably stable scalarized black holes coexist with
the stable Schwarzschild black holes. Such a phenomena can have a clear observational
signature.
I. INTRODUCTION
The unifying theories predict one or more scalar partners of the tensor graviton. The scalar
degrees of freedom are usually coupled to the curvature invariants of spacetime [1, 2]. A notable
example is the Einstein-scalar-Gauss-Bonnet (ESGB) gravity. In this theory the scalar degree is
coupled to the Gauss-Bonnet invariant and the field equations are of second differential order
as in general relativity (GR). ESGB gravity with only one dynamical scalar field and different
coupling functions has recently attracted a lot of interest. A particular class of ESGB theories is the
Einstein-dilaton-Gauss-Bonnet gravity whose coupling function is exponential. Various aspects of
black holes in this model were studied in a number of papers [3]–[19] including their quasinormal
modes [17, 18]. The ESGB gravity with more general coupling functions were studied in [20]–[22].
It was recently shown in [23, 24] that in a certain class of ESGB theories and in the extreme cur-
vature regime there exist new black hole solutions which are formed by spontaneous scalarization
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2of the Schwarzschild black holes. In this regime the Schwarzschild solution becomes unstable be-
low certain mass, and new branches of solutions with nontrivial scalar field bifurcate from the
Schwarzschild one. This scalarization is induced by the curvature of the spacetime in contrast
with the spontaneous scalarization of neutron stars [25] and black holes [26, 27] in the scalar-
tensor theories, which is induced by the presence of matter. It was further shown that for certain
ranges of the parameters and choices of the coupling function, these solutions are stable [28]–[32].
The extension to rapid rotation was done in [33, 34] and other scalarized black holes in Gauss-
Bonnet gravity were considered in [35]–[40]. The spontaneous scalarization and the scalarized
black holes in a Horndeski type generalization of ESTGB gravity was studied in [41]–[44] while
other theories were addressed in [45]–[50].
In the present paper we consider a multi-scalar extension of ESGB gravity. As in the multi-
scalar-tensor theories [51, 52], instead of a single scalar field we introduce N dynamical scalar
fields ϕa coupled to the Gauss-Bonnet invariant and taking values in an abstract Riemannian tar-
get space. The presence of many scalar fields is not just quantitative increase of the scalar degrees
of freedom – it can change the picture drastically. It was recently shown within the framework of
the multi-scalar-tensor theories, that new types of compact objects can exist due to the presence
of multiple scalar degrees of freedom when the map ϕ : spacetime → target space generated by
the scalar fields is nontrivial [53]–[57]. The first steps towards exploring the linear stability of
such objects were made in [58], there it was shown that a completely new class of neutron stars
possessing nonzero topological charge, is stable against linear perturbations.
In this workwe prove numerically the existence of static and spherically symmetric black holes
in certain classes of multi-scalar-Einstein-Gauss-Bonnet (MSEGB) gravity for linear and exponen-
tial coupling functions, as well as coupling functions leading to scalarizaions. More precisely
we consider MSEGB gravity whose target space is a 3-dimensional maximally symmetric space,
namely S3, H3 or R3 and in the case of a nontrivial map ϕ : spacetime → target space. We also
perform systematic study of many black hole characteristics such as the area of the horizon, the
entropy, and the photon sphere.
We should note that black holes with nontrivial scalar field, especially in the case of scalar-
ization, might lead to tension with cosmology that can be cured in certain cases but not always
[59]–[63]. The problem with the cosmological instability, though, requires more profound inves-
tigation and moreover it was never addressed in more complicated cases such as the multi-scalar
theories which offer much richer phenomenology and possibilities to circumvent different prob-
lems. Nevertheless, in the present paper we consider the MSEGB gravity as an effective model
operating only on astrophysical scales without requiring it to be a complete theory explaining the
accelerated expansion phenomena or the early Universe.
In Section II we give briefly the mathematical formulation of multi-scalar-Einstein-Gauss-
Bonnet gravity, derive the relevant reduced field equations and discuss the criteria for the ex-
istence of black holes. The obtained numerical solutions are presented in Sec. III divided into
two major subsections – one for hairy black holes with linear and exponential coupling, and one
for scalarized solutions with two different forms of the coupling function. The paper ends with
Conclusions where some observational perspectives are also discussed.
3II. MULTI-SCALAR GAUSS-BONNET GRAVITY AND BLACK HOLES
Let us begin with a precise description of the MSEGB gravity. We consider a 4-dimensional
spacetimeM supplemented with spacetime metric gµν and additional N scalar fields ϕa which
take value in a coordinate patch of an N-dimensional Riemannian (target) manifold EN with (pos-
itively definite) metric γab(ϕ) defined on it [51, 52]. From a more global point of view ϕ
a define a
map ϕ :M→ EN and the scalar fields kinetic term in the action below is just the pull-back of the
line element of the target space. The action of the MSEGB gravity is then given by
S =
1
16piG
∫
d4x
√
−g
[
R− 2gµνγab(ϕ)∇µ ϕ
a∇ν ϕ
b −V(ϕ) + λ2 f (ϕ)R2GB
]
, (1)
where R is the Ricci scalar with respect to the spacetime metric gµν, V(ϕ) is the potential of the
scalar fields ϕ = (ϕ1, ..., ϕN), the coupling function f (ϕ) depends only on ϕ, λ is the Gauss-Bonnet
coupling constant having dimension of length and R2GB is the Gauss-Bonnet invariant
1.
In order to study this problem we have to specify the theory, i.e. choose a specific form of
the functions EN , γab(ϕ), V(ϕ) and f (ϕ). Here, as mentioned, we shall consider MSEGB gravity
whose target space manifold is a 3-dimensional symmetric space, namely S3, H3 or R3 with the
metric
γab(ϕ)dϕ
adϕb = a2
[
dχ2 + H2(χ)(dΘ2 + sin2 ΘdΦ2)
]
, (2)
where a > 0 is a constant and Θ and Φ are the standard angular coordinates on the 2-dimensional
sphere S2. The target space metric function H(χ) is given by H(χ) = sinχ for a spherical ge-
ometry, H(χ) = sinhχ for a hyperbolic geometry and H(χ) = χ in the case of a flat geometry.
The parameter a is related to the curvature κ of S3 and H3 and we have κ = 1/a2 for spherical
and κ = −1/a2 for hyperbolic geometry. Our choice of the target spaces is motivated by the fact
that the round S3, H3 or R3 are among the simplest target spaces admitting spherically symmetric
black hole solutions for the ansatz defined below. In addition we shall consider theories for which
the coupling function f (ϕ) and the potential V(ϕ) depend on χ only. This allows the equations
for Θ and Φ to separate form the main system and guarantees that the spacetime metric will be
spherically symmetric for the ansatz defined below.
Instead of making the simplest choice for which all the scalar fields depend on the radial coor-
dinate r only, we choose here a nontrivial map ϕ : M → EN defined as follows. We assume that
the field χ depends on the radial coordinate r, i.e. χ = χ(r), and the fields Θ and Φ are indepen-
dent from r and are given by Θ = θ and Φ = φ [55]. Our ansatz is compatible with the spherical
symmetry and one can check that the equations for Θ and Φ are satisfied.
In the present paper we are interested in the static and spherically symmetric black hole solu-
tions to the equations of MSEGB gravity with a metric
ds2 = −e2Γdt2 + e2Λdr2 + r2(dθ2 + sin2 θdφ2), (3)
where Γ and Λ depend on the radial coordinate r only.
1 The Gauss-Bonnet invariant is defined byR2GB = R
2 − 4RµνRµν + RµναβR
µναβ where R is the Ricci scalar, Rµν is the
Ricci tensor and Rµναβ is the Riemann tensor
4For simplicity, in what follows we shall consider the case with V(ϕ) = 0. With this ansatz for
the scalar fields and using the above form of the metric, we obtain the following reduced field
equations.
2
r
[
1+
2
r
(1− 3e−2Λ)Ψr
]
dΛ
dr
+
(e2Λ − 1)
r2
−
4
r2
(1− e−2Λ)
dΨr
dr
−a2
[(
dχ
dr
)2
+ 2e2Λ
H2(χ)
r2
]
= 0, (4)
2
r
[
1+
2
r
(1− 3e−2Λ)Ψr
]
dΓ
dr
−
(e2Λ − 1)
r2
− a2
[(
dχ
dr
)2
− 2e2Λ
H2(χ)
r2
]
= 0, (5)
d2Γ
dr2
+
(
dΓ
dr
+
1
r
)(
dΓ
dr
−
dΛ
dr
)
+
4e−2Λ
r
[
3
dΓ
dr
dΛ
dr
−
d2Γ
dr2
−
(
dΓ
dr
)2]
Ψr
−
4e−2Λ
r
dΓ
dr
dΨr
dr
+ a2
(
dχ
dr
)2
= 0, (6)
d2χ
dr2
+
(
dΓ
dr
−
dΛ
dr
+
2
r
)
dχ
dr
−
2λ2
a2r2
d f (χ)
dχ
{
(1− e−2Λ)
[
d2Γ
dr2
+
dΓ
dr
(
dΓ
dr
−
dΛ
dr
)]
+2e−2Λ
dΓ
dr
dΛ
dr
}
=
2
r2
H(χ)
dH(χ)
dχ
e2Λ (7)
with
Ψr = λ
2 d f (χ)
dχ
dχ
dr
. (8)
In order for the above system of equations to describe a black hole the following boundary and
regularity conditions have to be satisfied. As usual the asymptotic flatness imposes
Γ|r→∞ → 0, Λ|r→∞ → 0, χ|r→∞ → 0 . (9)
The very existence of black hole horizon at r = rH requires
e2Γ|r→rH → 0, e
−2Λ|r→rH → 0. (10)
By expanding the field equations in series around the black hole horizon we derive the follow-
ing quadratic equation for the first derivative of the scalar field on the horizon (dχ/dr)H
(
4λ2
(
a2H(χH)
2 −
1
2
)(
d f (χH)
dχ
)
r3H + 8H(χH)
(
dH(χH)
dχ
)(
d f (χH)
dχ
)2
λ4rH
)(
dχ
dr
)2
H
+
((
2a2H(χH)
2 − 1
)
r4H + 8H(χH)
(
dH(χH)
dχ
)(
d f (χH)
dχ
)
λ2r2H
+ 16λ4a2
(
a2H(χH)
2 −
1
2
)(
d f
dχ
)2
H
H(χH)
2
)(
dχ
dr
)
H
+ 2H(χH)
(
dH(χH)
dχ
)
r3H
−
(
d f (χH)
dχ
)
λ2
((
2a2H(χH)
2 − 1
)2
− 2
(
2a2H(χH)
2 − 1
))
= 0 (11)
5This equation has two roots for (dχ/dr)H but only the one with a positive sign in front of the
discriminant gives the Schwarzschild solutions as a limiting case, and therefore this is the one
we are adopting. A real root (dχ/dr)H exists if the discriminant is positive, which leads to the
following inequality
(
a2H2(χH)−
1
2
)2(
a4H4(χH)
(
d f
dχ
)4
H
λ8 + 32H(χH)
dH(χH)
dχ
(
d f
dχ
)3
H
λ6r2H+
1
2
(
a2H2(χH)−
3
4
)
λ4r4H
(
d f
dχ
)2
H
+ 164r
8
H
)
≥ 0. (12)
Therefore, the inequality serves as a condition for the existence of a black hole and practically it
turns out that for certain Gauss-Bonnet coupling functions it introduces a minimum radius of the
horizon below which no black hole solutions are present. One can easily show that for flat target
space geometry it reduces to the equation for the existence of Gauss-Bonnet black holes with a
single scalar field (see e.g. [23]).
The functions Γ and Λ have the usual asymptotics at infinity, namely
Λ ≈
M
r
+O(1/r2), Γ ≈ −
M
r
+O(1/r2), (13)
where M is the black hole mass. The asymptotic behavior of the scalar field χ can be obtained
from the linearized equation for χ far away from the black hole and we find
χ ∼
1
r2
. (14)
This unusual asymptotic has serious physical consequences. It means that the scalar charge as-
sociated with χ is zero which means that the scalar dipole radiation is strongly suppressed. This
is very important given the fact that perhaps one of the strongest constraints on the theories of
gravity possessing a scalar degree of freedom come from the indirect observations of gravitational
wave emission from neutron stars in compact binaries [64–66]. In Gauss-Bonnet theories possess-
ing one scalar field it has already been shown that scalarized neutron stars can exist [67] and it is
natural to expect that this will be also true for the MSEGB gravity under consideration. The scalar
field is expected to have the same asymptotic as for the black hole case considered here, which
means that the close binary pulsars would not emit scalar dipole radiation and no constraints can
be put on the theory on the basis of these observations. This fact would potentially allow formuch
larger deviations from GR.
III. NUMERICAL BLACK HOLE SOLUTIONS
The numerical solutions are obtained using a shootingmethod to solve the system of equations
(4)–(7) with the appropriate boundary conditions at the horizon and infinity, as discussed above.
Note that, in addition we have a condition for the existence of black holes, namely eq. (12).
The calculations are performed using several different forms of the coupling function f (χ) which
allow the existence of hairy black holes, including scalarized ones, and the three possible forms
of the target space metric function H(χ).
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FIG. 1: Left The value of the scalar field on the horizon as function of the normalized black hole mass. Right
The normalized to the Schwarzschild limit area of the black hole horizon AH/(16piM
2) as function ot the
mass. The coupling function is f (χ) = χ and different colors and styles of the lines corresponds to different
choices of a2 and H(χ) respectively. The sequences of black holes are terminated at the point where the
existence condition (12) is violated.
A. Black holes with scalar hair – linear and exponential coupling
In what follows we impose on the coupling function the condition f (0) = 0. This can be done
because the field equations are invariant under the change f (χ)→ f (χ)+ const. In the subsection
we will discuss the results for two coupling functions representing linear coupling
f (χ) = χ (15)
and exponential coupling
f (χ) = eαχ − 1, (16)
where α is a constant. Such a form of the coupling function was used as well in Einstein-dilaton-
Gauss-Bonnet (EdGB) gravity with one scalar field [8]. In this case the black hole solutions, when
they exist, are always endowed with scalar hair and the zero scalar field (Schwarzschild) case is
not a solution of the field equations, unlike the scalarization discussed in the next section.
As a matter of fact the two coupling functions are equivalent, up to a constant multiplication
factor, in the limit of small scalar field χ. As expected, based on the experience with the EdGB
gravity, the qualitative behavior of the solutions is very similar for both cases even for larger χ
and the results differ only quantitatively. That is why in the present section we will present re-
sults only for the linear coupling (15) and where necessary, comment on the exponential coupling
(16). The quantities presented bellow are scaled with respect to the coupling constant λ in the
appropriate way, which effectively leaves us with one free parameter in the theory in the case of
linear coupling, namely a2 (for exponential coupling an additional constant α can be introduced
in the f (χ) function that can not be scaled away).
The scalar field on the horizon χH as a function of the normalized (with respect to λ) black hole
mass for the linear coupling (15) is plotted in the left panel of Fig. 1 for different combinations of
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FIG. 2: Left The normalized, to the Schwarzschild limit, black hole entropy SH/(4piM
2) as function of the
mass. Right The normalized, to the Schwarzschild, limit radius of the photon sphere as function of the
black hole mass. The coupling function is f (χ) = χ and the notations are the same as in Fig. 1.
the parameter a2 and different target space metric functions H(χ). The scalar field is stronger for
smaller masses while, for large M it rapidly tends to zero. Moreover, smaller values of a2 lead to
a substantial decrease of χH. For a fixed a
2, larger value of χH are achieved for H(χ) describing
spherical geometry, while we have the smallest χH for hyperbolic geometry. Naturally, larger χH
would translate to larger deviations from general relativity and this can be observed in the right
panel of Fig. 1 where the normalized area of the horizon is plotted as a function of the mass. The
normalization of AH is with respect to the Schwarzschild black hole horizon area and the pure
GR case corresponds to the horizontal solid black line at AH/(16piM
2) = 1.
The sequences of black hole solutions are terminated at some fixed mass where the condition
for the existence of black holes (12) is violated and in general, larger a2 lead to a smaller cutoff
mass below which no black holes exist. For a fixed branch of solutions, the largest deviation is
achieved in the vicinity of this cutoff mass and for the considered range of a2 the difference with
the Schwarzschild horizon area is up to 20%, but it will increase further for smaller a2. For larger
values of M the branches of black holes with nontrivial scalar field practically merge with the
Schwarzschild one. As a matter of fact, we have studied black hole models within a much larger
range of a2, namely a2 ∈ [10−4, 102], and while the qualitative conclusions remain the same, the
quantitative deviations from Schwarzschild increase (decrease) for smaller (larger) a2. Thus, for
small enough a2 we can have deviations from GR that are potentially observable while in the
large a2 regime the solutions tend to the GR ones and the differences are negligible. Our studies
show as well, that the Gauss-Bonnet gravity with one scalar field and the same coupling function
produces deviations that are of the same order as the ones presented in the graphs.
The entropy of the black holes can be calculated by using the well-knownWald’s formula [68],
namely
SH =
1
4
AH + 4piλ
2 f (χH). (17)
The entropy, normalized to the Schwarzschild limit 4piM2, is plotted in the left panel of Fig. 2
where the Schwarzschild value is reproduced in the limit of χH = 0. The black holes with scalar
hair always have entropy that is larger compared to the Schwarzschild one.
8Another quantity, that will be discussed, is the radius of the photon sphere rph defined as the
point where the following equality is satisfied
dΦ
dr
∣∣∣∣
r=rph
−
1
rph
= 0. (18)
rph is directly connected to many observational properties of black holes, such as the frequencies
of the quasinormal mode ringing, the black hole shadow and the strong lensing. The radius of
the photon sphere is plotted in the right panel of Fig. 2, where rph is normalized to the radius
of the Schwarzschild photon sphere. As we can see, even though for the presented solutions the
area of the horizon can differ significantly from the GR case, the deviations in the radius of the
photon sphere are quite moderate, up to roughly 5%. As we have commented, though, smaller
values of a2 would lead to larger difference with the Schwarzschild solution and thus can produce
potentially observable effects.
The second coupling function we have employed has an exponential form and is given by
eq. (16). The qualitative behavior of the solutions is very similar to the first coupling function
(15) and the main differences are quantitative ones. That is why we will comment on this case
only briefly. For the exponential coupling (16) we can introduce an additional parameter in the
exponent, namely α, that can not be scaled away. Our results show though, that for α of the
order of one, and for the same values of a2, the differences with Schwarzschild are a bit smaller
compared to the first coupling function.
B. Scalarized black hole solutions
In this section we study black hole solutions in MSGB gravity for coupling functions which al-
low the existence of the zero scalar field (Schwarzschild) solution for all values of the parameters.
The Schwarzschild black hole, though, can become unstable below certain mass and spontaneous
scalarization is observed, i.e. new branches of back holes with nontrivial scalar field bifurcate
from the GR ones. In order to have scalarized solutions, the following conditions should be satis-
fied
d f
dχ
∣∣∣∣
χ=0
= 0,
d2 f
dχ2
∣∣∣∣
χ=0
> 0. (19)
We will discuss two coupling functions satisfying this conditions.
1. Scalarized black holes – first coupling function
The first coupling function we will discuss is the following
f (χ) =
1
2β
(
1− e−βχ
2
)
, (20)
where we have fixed β = 0.5. This is exactly the coupling function used in the first study of
scalarized Gauss-Bonnet black holes [23] (with a single scalar field) and its advantage is that it
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FIG. 3: Left The value of the scalar field on the horizon as a function of the normalized black hole mass.
Right The normalized to the Schwarzschild limit area of the black hole horizon AH/(16piM
2) as a function
of the mass. The coupling function is f (χ) = 12β
(
1− e−βχ
2
)
, where β = 0.5, and different colors and styles
of the lines corresponds to different choices of a2 and H(χ) respectively.
leads to nicely behaving branches of stable scalarized black holes. The value of β is chosen is such
a way that we can have strong deviations from GR and some branches of scalarized black holes
can reach close to the M = 0 limit.
In the left panel of Fig. 3 the scalar field at the horizon is shown as a function of the normalized
mass for several values of a2 and different forms of the H(χ) function. The Schwarzschild solu-
tions is depicted with a solid black line at χH = 0 and it exists for the whole range of parameters.
At certain value of the mass, though, the Schwarzschild solution becomes unstable and a new
branch of solutions with nontrivial scalar field bifurcates from it. As a matter of fact, more than
one branch of scalarized solutions can exist and these branches can be labeled by the number of
zeros of the scalar field. Only the first branch, though, that has no nodes of the scalar field, can be
potentially stable [28, 29] and that is why we will focus only on these solutions.
Fig. 3 shows that the increase of the parameter a2 shifts the threshold mass where scalarization
is observed to lower values of M. The deviation of the scalarized black holes with respect to GR
can be better judged from the right panel of the figure where the normalized area of the horizon
is plotted as a function of the mass. The differences with GR increase with the decrease of the
mass. The sequences are terminated either because the condition (12) is violated or because of
severe numerical difficulties – for small masses the equations are becoming increasingly stiff and
due to accuracy problem we could not find solutions below a certain small value of M. Based on
our investigations, though, we believe that this threshold mass is more or less close to the limit
where the solutions disappear because of the condition (12). Such numerical problems appear as
well for the pure Gauss-Bonnet back holes with a single scalar field [23].
Themain difference between results for different functions H(χ) is the thresholdmasses below
which we could not find scalarized solutions. Since larger differences with Schwarzschild occur
for smaller M, the branches with smaller threshold mass can differ more significantly from GR.
Thus for a fixed a2, H = sinχ deviatesmost from Schwarzschild while H = sinhχ has the smallest
difference.
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FIG. 4: Left The normalized, to the Schwarzschild limit, black hole entropy SH/(4piM
2) as function of the
mass. Right The normalized, to the Schwarzschild, limit radius of the photon sphere as function of the
black hole mass. The coupling function is f (χ) = χ and the notations are the same as in Fig. 3.
The next question is whether the new branches of solutions are stable or not. Even without a
proper radial perturbation analysis, a good intuition can be obtained from the examination of the
entropy – the solutions with larger entropy are thermodynamically preferred and normally they
are the stable ones2. The normalized entropy is plotted in the left panel of Fig. 4. As one can
see the Schwarzschild black hole has always lower entropy than the black holes with scalar hair
which gives us the confidence that the scalarized solutions are stable.
In the right panel of Fig. 4 the radius of the photon sphere is plotted. The differences with GR
can be substantial especially for small masses and small values of a2. This can potentially lead to
strong imprints of the nonzero scalar field on the astrophysical observations.
The results up to nowwere for β = 0.5. We have investigated the solutions for other values of β
as well and the results remain qualitatively unchanged. Themain difference is the quantitative de-
viation from GR. Loosely speaking, smaller β produce larger differences with the Schwarzschild
solutions for a fixed black holes mass and fixed a2.
2. Scalarized black holes – second coupling function
In this subsection we will focus on a second coupling function that can lead to scalarization:
f (χ) =
1
β
(
eβ sin
2 χ − 1
)
. (21)
The results we will present below are for the case of β = 1 but other choices of β are commented
as well.
The scalar field on the horizon and the normalized area of the horizon are plotted in Fig. 5.
One can observe a very interesting behavior of the scalarized branches – after the bifurcation, the
mass of the hairy black holes first stars to increase and after reaching a maximum it decreases. The
2 Similar conclusions weremade for pure Gauss-Bonnet theories with one scalar fieldwhere stable scalarized solutions
have also larger entropy than the Schwarzschild one [23, 28].
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branches are terminated at χH → pi/2, since at that point the initial condition for the scalar field
(11) diverges and we could not find any black hole solutions pass this point. Thus, if we choose
a black holes mass in the range between the bifurcation point and the maximum of the mass for
the scalarized branch, three black hole solutions exist – two scalarized ones and one zero scalar
field Schwarzchild-like solution. Similar features were observed for the first time for scalarized
charged black holes with nonlinear electrodynamics [26, 27] and recently also for Gauss-Bonnet
black holes with one scalar field when a coupling function with a quartic term is considered [31].
While the former case is theoretically very interesting, its astrophysical implications are limited
since one requires a nonzero black hole charge. In the latter Gauss-Bonnet case, the difference
between the bifurcation mass and the maximum scalarized branch mass was very small for the
parameters considered. In addition, the stability of the solutions in this region could not be stud-
ied well due to numerical difficulties [31]. The results presented here, though, show a clear ap-
pearance of a non-negligible region where two scalarized solutions with the same mass coexists
and the most important question we have to address is about their stability.
As we commented in the previous subsections, the study of the black hole entropy (17) can
give us strong hints about the (in)stability of the branches. The normalized entropy is depicted
in the left panel of Fig. 6 as a function of mass. Only the region close to the bifurcation point is
plotted since this is the most interesting one. For small masses the scalarized branch have entropy
larger that the Schwarzschild one and based on the findings in other classes of Gauss-Bonnet
theories, we expect that these solutions are stable. With the increase of the mass the scalarized
branch reaches a maximum where a cusp on the SH(M) diagram appears that signals a change
of stability. From that point on the scalarized branch is most probably unstable, moreover it has
entropy lower than GR. This coincides with what was observed for the charged scalarized black
holes in [26]. An interesting region exists, though, close to the maximum of the mass where the
potentially stable part of the scalarized branch has for a small range of masses lower entropy than
the Schwarzschild one. Moreover, the Schwarzschild solution is most probably stable there all
the way until the bifurcation point. This is a very interesting region and the question about the
stability can be rigorously answered only if we perform the linear stability analysis, that will be
done in a future publication.
The normalized radius of the photon sphere is depicted in the right panel of Fig. 4. The
differences with the Schwarzschild one is, as expected, larger for smaller masses and it reach
up to roughly 10%. This would depend of course on the choice of the parameters β and a2. If we
assume that the middle part of the branch (between the bifurcation point and the maximum of the
mass) is indeed unstable, clearly there will be a jump between the last stable Schwarzschild model
and the stable scalarized black hole with the same mass. This can potentially lead to interesting
observational signatures in scenarios involving dynamical process of scalarization such as the
inspiral of compact objects [69–71].
It is interesting whether such peculiar behavior can be observed for the pure Gauss-Bonnet
gravity with one scalar field. Our results show that for the coupling function (21) and properly
chosen values of β, the mass of the scalarized black holes starts to increase after the bifurcation
point but the corresponding condition for the existence of scalarized black holes (12) is quickly
violated and the branches are terminated before a clear maximum of the mass is reached. Of
course, careful adjustment of the parameter β and/or the coupling function might produce the
desired effect, moreover such behavior (but not so well pronounced) was already observed for a
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FIG. 5: Left The value of the scalar field on the horizon as a function of the normalized black hole mass.
Right The normalized to the Schwarzschild limit area of the black hole horizon AH/(16piM
2) as a function
of the mass. The coupling function is f (χ) = (1/β)(eβ sin
2 χ − 1), where β = 1, and different colors and
styles of the lines corresponds to different choices of a2 and H(χ) respectively.
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FIG. 6: Left The normalized, to the Schwarzschild limit, black hole entropy SH/(4piM
2) as function of
the mass. Right The normalized, to the Schwarzschild, limit radius of the photon sphere as function of the
black hole mass. The coupling function is f (χ) = (1/β)(eβ sin
2 χ − 1), where β = 1 and the notations are
the same as in Fig. 5.
coupling function with a quartic term in the scalar field [31] .
At the end of the section let us comment the dependence of the results on the parameter β in the
coupling function (21). It turns out that the interesting behavior we observed above disappears
for small enough β, while for large β the range of masses between the bifurcation point and the
maximum of the mass for the scalarized solutions increases. In the case when the non-uniqueness
of the scalarized branch disappears the behavior of the solutions is qualitatively the same as for
the coupling function (20) and that is why we will not comment it further.
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IV. CONCLUSION
In the present paper we considered multi-scalar extension of Gauss-Bonnet gravity and fo-
cused on models whose target space EN is a 3-dimensional maximally symmetric space, i.e. either
S3, H3 or R3. We restrict ourselves to the static and spherically symmetric case with the map
ϕ : M → E3 explicitly given by ϕ = (χ(r),Θ = θ,Φ = φ) which is compatible with spherical
symmetry. Assuming as well that the coupling function depends only on χ we proved numer-
ically the existence of black holes in multi-scalar-Einstein-Gauss-Bonnet (MSEGB) gravity. An
important property of these solutions is that the scalar field drops at infinity as 1/r2 which leads
to zero scalar charge and negligible scalar dipole radiation. Thus one can not impose strong obser-
vational constraints on the parameters based on the indirect observation of gravitational waves
emitter by pulsars in close binaries systems.
We concentrated on several different coupling functions leading to hairy black holes, both
scalarized and non-scalarized ones. Since it is possible to rescale with respect to the Gauss-Bonnet
coupling parameter λ and for a fixed form of the coupling function, we are left with one free
parameter a which in the cases of S3 and H3 is the curvature radius of the target space. For
all examined cases of hairy but non-scalarized black holes we found that in the limit a2 → ∞
the results in MSEGB theory converge to the GR ones, and the highest deviations are observed
for small values of a2. However, there exist a cutoff mass below which no black hole solutions
exist that depends of the parameter a2 and it increases with the decrease of a2. Regarding the
dependence of the results on the function H(χ), the highest deviations from GR are observed for
the spherical geometry and lowest for the hyperbolic geometry.
The scalarized black holes in MSEGB theory possess the standard features – at certain mass
new branches of solutions with nontrivial scalar field bifurcate from the Schwarzschild one. The
point of bifurcation moves towards smaller masses with the increase of the a2. The deviations
from GR are strongly dependent on the choice of parameters and larger deviations are observed
for smaller a2. The branches either reach zero mass, which results in strong increase of the scalar
field and large differences with respect to Schwarzschild for small M, or are terminated at some
finite mass due to violation of the condition for existence of black holes. For one of the coupling
functions we considered, a very interesting phenomena was observed – the scalarized branch
moves first to larger masses and after reaching a maximum M, the mass starts to decrease. Thus
two subbranches can be distinguish – a middle one between the point of bifurcation and the
maximum mass and an outer branch after the maximum of the mass. Based on thermodynamical
studies, we can conclude thatmost probably themiddle branch is unstable, while the outer branch
might be stable.
If we assume that the approximate thermodynamical stability analysis coincides with the
yet unexplored linear stability of the solutions, then interesting consequences will follow espe-
cially for phenomena involving dynamical scalarization of the black holes. The reason is that
we would not have a smooth transition between scalarized and non-scalarized solutions, like the
standard case where the scalarized branches are potentially stable right from the point of bifurca-
tion where the scalar field tends to zero. In contrast, we will have a jump between the last stable
Schwarzschild black hole and the stable scalarized black hole branch. Moreover, there might be a
region in the parameter space where stable Schwarzschild black holes coexist with stable scalar-
ized black holes. As a results, one might be able to observe a jump between the scalarized and
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non-scalarized solutions. For example, this can manifest itself as a sudden change in the gravita-
tional wave frequencies during inspiral.
In addition we studied the space-time around the obtained black-hole solutions and more pre-
cisely the radius of the photon sphere that is directly related to various astrophysical manifesta-
tions of black holes. In all cases we found that the deviations from GR are more substantial for
smaller black hole masses. For the studied forms of the coupling functions and values of the pa-
rameters, the largest differences with the Schwarzschild black hole are reached for the scalarized
solutions with a maximum deviation of roughly 30%. This value would potentially increase if we
consider even smaller a2.
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